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The cube-root truly nonlinear oscillator and the inverse cube-root truly nonlinear oscillator are the most meaningful and classical
nonlinear ordinary differential equations on behalf of its various applications in science and engineering. Especially, the oscillators
are used widely in the study of elastic force, structural dynamics, and elliptic curve cryptography. In this paper, we have applied
modified Mickens extended iteration method to solve the cube-root truly nonlinear oscillator, the inverse cube-root truly
nonlinear oscillator, and the equation of pendulum. Comparison is made among iteration method, harmonic balance method,
He’s amplitude-frequency formulation, He’s homotopy perturbation method, improved harmonic balance method, and
homotopy perturbation method. After comparison, we analyze that modified Mickens extended iteration method is more
accurate, effective, easy, and straightforward. Also, the comparison of the obtained analytical solutions with the numerical results
represented an extraordinary accuracy. The percentage error for the fourth approximate frequency of cube-root truly nonlinear
oscillator is 0.006 and the percentage error for the fourth approximate frequency of inverse cube-root truly nonlinear oscillator

is 0.12.

1. Introduction

Nonlinear systems are widespread around us. Nonlinear
systems are widely involved in science, engineering, medical
science, etc. So, research on the nonlinear systems has
enriched science, engineering, medical science, etc. Research
on nonlinear systems is complex and sensitive because most
of the nonlinear systems suddenly change their character-
istics due to some small changes of some valid parameters.
The development of the theorems of dynamical systems has
been derived by the modeling and formulating of nonlinear
oscillators. Thus, nonlinear oscillators are one of the most
important parts of nonlinear dynamical systems. Recently,
many scientists have made significant improvement in
finding a new mathematical tool which would be related to
nonlinear dynamical systems whose understanding will rely
not on analytic techniques but also on numerical and as-
ymptotic methods. They set up many fruitful and potential

methods to operate the nonlinear systems. There are many
analytical methods to solve nonlinear oscillators such as
perturbation [1-3]; standard and modified Poincar-
e-Linstedt [4]; harmonic balance [5-7]; multiple scale [8];
homotopy perturbation [9-14]; modified He’s homotopy
perturbation [15]; He’s frequency-amplitude formulation
[16, 17]; cubication method [18, 19]; energy balance method
[20]; He’s energy balance method [21]; Mickens iteration
method [7, 22-25]; Hu’s iteration method [26]; Haque’s
iteration method [27-29]; Haque’s extended iteration
method [30-32]; variation iteration method [33]; homotopy
analysis method [34]; finite element method and Akbari
Ganji method [35]; and Taguchi method [36]. Besides, a few
numbers of researchers have done work on the cube-root
nonlinear oscillator using different methods such as the
methods by Beléndez [9], Beléndez et al. [15], Ganiji et al.
[21], Mickens [25], Zhang [17], and Lim and Wu [6]. Among
them, the proposed method is more easy, simple, and also
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valid for higher order approximation solutions. Perturbation
method is the most widely utilized established method in
which the nonlinear terms are considered as small. Mickens
has developed a technique named harmonic balance (HB)
method and further work has been done by Lim, Hu, Wu,
and Alam, and so forth, for handling the oscillators in which
nonlinear terms are strong. Mickens has developed another
update technique named iteration method. The method of
iteration is applicable for small as well as strong nonline-
arities. Mickens has also developed the iteration method
named extended iteration method; sometimes, this is faster
than direct or simple iteration method. Further, the method
of iteration and extended iteration has been developed by
Lim, Hu, and Haque. lkramul Haque et al. applied the
proposed method to obtain the suitable periodic solution of
nonlinear oscillators [30-32].

The purpose of this article is to exhibit an extended
iteration method which gives us a simple path line for
obtaining the approximate angular frequencies and corre-
sponding analytic solutions and a significantly improved
results of the “cube-root truly nonlinear oscillator (TNL),”
the inverse cube-root TNL oscillator,” and “the pendulum
equation.”

2. The Method

The fundamental base of the method of extended iteration is
to reconvey the prestage’s solution to obtain the present
stage’s solution and its sequence of extensions. The most
important concern is

(i) How to rearrange the preliminary shape of the given
nonlinear oscillator so that it will help us to handle
step by step iterations with simplification of a term
including large number of harmonics.

(i) How to reuse the obtained solutions for the case of
harmonic terms so that there is no algebraic
complexity.

The outline of the presented procedure is as follows:

(i)Step 1: considering the general form of oscillator
by the following way:

X+ f(x)=0. (1)
(ii) Step 2: setting initial conditions as
x(0) = A,
: (2)
x(0) =0.
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(iii) Step 3: making standard form by adding Q’x on
both sides, we have

X+ OPx=0%- f(x)=G(x). (3)

(iv) Step 4: formulizing the suitable iteration scheme as

Kt + Qs = G(30) + Gy (30 ) (e~ x0); k=1,2,3,....
(4)

(v) Step 5: setting initial supposition as
X, () = Acos(Qqt). (5)

(vi) Step 6: setting iterated initial conditions as
Xk+1 (0) = A,

(6)
%1 (0) = 0.

(vii) Step 7: executing the successive iteration from
k=1,23,....

3. Solution Procedure of Cube-Root
TNL Oscillator

Consider the cube-root TNL oscillator [25]

i+x"=o0. (7)

Now, introducing the term Qx on equation (7), then we
have the standard form:

i+ 0%x=0%%-x"=G(xQ), (8)

where G (x, Q) = Q%x — x'3.
Therefore, G, = Q% — (1/3)x™ ¥,
Using equation (4), the iteration scheme of equation (8)
is
1
. 2 2 13 2 2/3
Xiop + QX = (Qkxo ) ) +<Qk - gxé )> (% = %o)-
9)
First Iteration Step. Putting k = 0 in equation (9) and using
initial supposition (5), we get
% +Qix, = Q) Acos§— (Acosh)'”. (10)

Now, expanding the right hand side of equation (10),
then it reduces to

%)+ Oy =( QA - 1.1596A")cos 0 + 0.231919A4' cos 36 - 0.11596 A" cos 5 6. (11)
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To avoid secular term from equation (11), we obtain X+ ngl — 023191943 cos 30 — 0.11596AY3 cos 5 6.
1.076847
0= PRE = Qcgo» (say). (12) (13)
The required solution of equation (13) is
Then, equation (11) is transformed into
x; () = A(1.0208398 — 0.0249998 cos 3 6 + 0.00416 cos 5 ) = xp, (1), (say). (14)

This is known as the first iterated approximate solution
of the oscillator (7).

Second Iteration Step. For the second level of iteration,
we have

.. 1 2
%) +Qix, = Qjx, - gx(;(m)xl - gx(I)B- (15)

Now, substituting the value of x,, and x, from equations
(5) and (14) into (15) and expanding the right side of
equation (15), it reduces to

x, + Qx, =(1.0208398A07 - 1.169748A'" )cos 6
+(~0.0249998A0 +0.246675A"* )cos 3 6
+(0.00416AQ] - 0.122544A"*)cos 5 6.

(16)
To eliminate secular term, we get
1.070452
Ql = T = QCRI’ (say). (17)

Then, equation (16) is transferred into

%, + Qx, = 021802854 cos 30 - 0.117777A" cos 50 (18)

This is known as the second iterated approximate so-
lution of the oscillator (7).

Third Iteration Step. For the third level of iteration, we
have

1 op

.. 2
%5+ Qox, = Qox, — 30 %2 gx(l,B. (20)

Now, substituting the value of x, and x, from equations
(5) and (19) into (20) and expanding the right side of
equation (20), it reduces to

X3 + Q= (1.019529A05 - 1.169213A"" )cos 0
—~(0.023812A03 - 0.245996A" )cos 3 0
+(0.004283A0 — 0.122395A")cos 5 6.

(21)
To eliminate secular term, we get
1.070895
9 = T = QCRZ’ (say). (22)

Then, equation (21) is transferred into

%5 + Q2x; = 0.220496A" cos 30 - 0.117808A' cos 5 6.

The required solution of equation (18) is (23)
x, (t) = A(1.019529 cos 6 — 0.023812 cos 3 6 (19) The required solution of equation (23) is
+0.004283 cos 5 0) = x¢p, (1), (say).
x5 () = A(1.021153 cos 0 — 0.025737 cos 3 0 + 0.004584 cos 5 0) = xcp; (1), (say). (24)

This is known as the third iterated approximate solution
of the oscillator (7).

Fourth Iteration Step. For the fourth level of iteration, we
have

.. 1 2
%, + Qixy = Qlxy - gx((, Py, - gx(l)B. (25)

Now, substituting the value of x,, and x5 from equations
(5) and (24) into (25) and expanding the right side of
equation (25), it reduces to

Xy + Ox, =(1.021153A0; — 1.169943A4" )cos 0
~(0.025737A03 - 0.247131A' )cos 3 60
+(0.004584A03 — 0.122892A4")cos 5 6.

(26)
To eliminate secular term, we get
1.070378
3= T = QCR}’ (say). (27)



Equations (12), (17), (22), and (27) represent the first,
second, third, and fourth approximate frequencies of the
cube-root TNL oscillator (7), respectively.

4. Solution of Inverse Cube-Root TNL Oscillator

Consider the inverse cube-root TNL oscillator [25]

~ 1.194298 )
ICRO = T
O = 1.1j26/§61
O, = 1.123141
O = 1.1;26/(3)90
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i+x W0, (28)

Applying the same iteration procedure, we obtain

(29)

Xicpy (F) = A(1.052312 cos 0 — 0.0249998 cos 3 6 + 0.00416 cos 5 0)
Xicra (F) = A(1.038587 cos 0 — 0.052771 cos 3 0 + 0.014184 cos 5 60) . (30)
Xicrs () = A(1.041074 cos 0 — 0.054852 cos 3 6 + 0.013778 cos 5 )

Equation (29) represents the first, second, third, and
fourth approximate frequencies of the inverse cube-root
TNL oscillator (28) which are denoted by Qicrg» Qicris
Qicpras and Quegs, respectively. Also, equation (30) repre-
sents the first, second, and third approximate analytic so-
lutions of the inverse cube-root TNL oscillator (28) which
are denoted by Xcpg» Xicrp and Xycg,» respectively.

5. Equation of Pendulum

Consider the following equation as a pendulum equation
where friction is neglected, as shown in Figure 1 [13].where
K?* = (g/l), g is the gravitational acceleration, [ is the length
of the pendulum, and 6 is the angle from the vertical to the
pendulum.

0+ K’ sinf = 0,
6(0)=A, (31)
6(0) =0,

To solve the pendulum equation, we consider
sinf =~ 6 - (1/6)6° + (1/120)6°, then equation (30) re-
duces to

6+ K2<9—é93 +%95> =0, with6(0)=A,6(0) = 0.
(32)

The iteration form of equation (32) is

é+02x=920—1<2<9—193+i95>=H(9,Q), (33)
6 120

where
1 1
H0.0)=0%0-K(0- 6 +—6),
6 120
(34)
_OH 5 1, 1 4)
Hy=0 =07 -K (1 046",
Applying the approximate method (6), we get
.. 1 1
Ot + Qbps = (Qigo - K2<90 - 66(3) + meg)
+{92 —K2<1 il —ie“)} (6, - 6,).
k 2 0 24 0 k 0
(35)

For the first iteration, we get

. 1 1
0, + Qé@l = QéAcosG - KZ{A cos@—g(Acos 0)* + — (A cos 0)5}. (36)

120
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FIGUre 1: The simple pendulum.

Now, expanding the right side of equation (36) using a
Fourier series, we get

. 1 1
0, + 020, = {QgA - K2<A —-A —A5>}cos 0
8" 192

_K2<_iA3 + iAs)cos 30— K%ﬁAs)cos 56.

24 384
(37)
To avoid secular term, we obtain
1 ) 1 4 1/2
QozK(l——A +—A> : (38)
8 192

This is the first approximate frequency of the oscillator.
After simplification in equation (37), we have
6, + Qg@l = 7K2(7LA3 + LA5>cos 30— Kz(LAS)cos 50.
24 384 1920
(39)

Thus, the first iterated complete solution of the oscillator
(31) is

0,(t)=f,cos0+ f,cos30+ f;cos50, (40)
where

fie A—(23/192)A° + (7/1440)A°
(- s)A’ + (1192)AY)

_ —(124)A° + (1/384) A°
/2= 8(1- (1/8)A° + (1/192)A*) =

(1/1920)A°

fs= 24(1 - (1/8)A” +(1/192)A*)

For the second iteration, we get

. 1 1 1 1
b, + 020, = 02, - K2<—56§61 #5000, +260 — 500 + 61>, (42)

0, + 020, = QX (f, cos O+ f,cos 0+ f;cosb)
—K*(f,cos0+ f,cos30+ f;cos50)

1 1
+ EKZA2 (cos0) (f, cos O+ f,cos30+ f;cos50) - gKZA3 (cos 0)’ (43)

—iKZA‘L(cos 0)* (f,cosO+ fycos30+ f;cos50) +%K2A5(cos 0)°.



Now, expanding the right side of equation (43) using
truncation principle, we get
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. 3/1.5 1 1 501 1 5 1
92+Qfx2:{fol—Kz{fl—Z<—§A3+5A2f1>—gAzfz—g<%A5—ﬂA4fl>+—A4f2+—A4f3}}cos9

384 384

2 2 /1, L3\ 1., 1, 571 4 1 1 1
+{Qlf2_K{f2+1<_§Afl+§A)_ZAf2_§Af3+R(ﬂAfl_%A5>+aAf2+%A4f3}}COS39

1 1 1/1 1 1 1
+ {Q%f:; - Kz{fs - §A2f2 - ZAZfS + R (ﬁA4fl - %AS) + %A4f2 + 6ZA4f3}}COS 5 6

To avoid secular term, we obtain

1
(1—§A2+iA4>+<——A2+iA4>&
8 192 8" 384 ) f

() 77,5 )

1/2

Q=K

(45)

1

1 1 1 1
M ={Q%f2 —Kz‘{fz +1(—5A2f1 +§A3) —ZAZfz —gAZ

1 1 1/1
Ay ={fo3 _Kz{fs _gAzfz _ZA2f3 +E<ﬂA4f1

Thus, the second iterated complete solution of the os-
cillator (31) is

24074 +3), + 1 A A
L "2cosf - —5cos3 60— —2cos .

6,(t) =
: 2407 807 240°

(48)

6. Results and Discussion

To obtain approximate solutions of cube-root truly non-
linear oscillator, inverse cube-root truly nonlinear oscillator,
and pendulum equation, we have applied an extended it-
eration method. Here, we have calculated the first, second,
third, and fourth approximate frequencies of both oscillators
and the first and second approximate frequencies of pen-
dulum equation. All the results are given in Tables 1 and 2
and the frequency-amplitude relationships are given in
Tables 3-5. To show the validity of the obtained solutions, we
have compared these with the existing results determined by
Mickens iteration method [25], Mickens HB method [25],
He’s amplitude-frequency formulation [34], modified He’s
homotopy perturbation method [15], improved harmonic
balance method [6] and homotopy perturbation method [9]
in Table 1, He’s energy balanced method [21] in Table 3,
Mickens iteration method [25], Mickens HB method [25] in

(44)

This is the second approximate frequency of the
oscillator.
After simplification in equation (44), we have

%, +Qlx, = A, cos30+ ), cos 56, (46)

where

1 1 1

5 4 5) 1 4 4 }}
2 Atf AT A, At L
f3+16<24 Fr=308 ) vt farggh £

(47)

1 1
——A5> CAtf A H
307 ) o f2+64 fs

Table 2, and homotopy perturbation method [13] in Table 5.
The comparison between the third-order approximate so-
lution of equation (8) for A = 10 and A = 100 together with
the corresponding exact solution are presented in Figures 2
and 3. The comparison between the third-order approximate
solution of equation (28) for A =1 together with the cor-
responding exact solution are presented in Figure 4 and the
comparison between the second-order approximate solution
of equation (31) for A=1 and K =1 together with the
corresponding exact solution are presented in Figure 5.

Here, the method of Mickens’ iteration [25] is diver-
gent, as error pattern shows an increasing phenomenon for
corresponding iteration steps. The process of Mickens” HB
method [13] is too much complicated for higher order
approximations for its algebraic complexity, that is why the
process was terminated up to second approximation and
He could not determine the better solutions. Not only that,
there is no flexibility to take any ordered harmonic terms in
each iterated step. The improvement of solutions depends
on only starting consideration. It is a disadvantage of this
method.

For both of the oscillators, we can say, the adopted
method is convergent because the solution yields lesser error
in each forward iterative step:

(1) For cube-root TNL oscillator % + x'/3 = 0,
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TasLE 1: Comparison of the approximate frequencies with the exact frequency Q. of X + x> = 0.

Qeact (A) = Qcpe (A) = (1.070451/A3)

Amplitude A

Mickens iteration method [25]

Qcpo
Error (%)

(1.0491151/A3)

Qcp,
Error (%)

(1.041424/AV3)

Qcp,
Error (%)

Qcps
Error (%)

2.0 2.7

1/3 1/3
Mickens harmonic balance method [25] (1'049; 105/A ) (1'0633170/A ) — —

1/3
Zhang using He’s amplitude-frequency formulation [17] (1'04921§/A ) —
Beléndez et al. using modified He’s homotopy perturbation (1.07685/AY3)  (1.06922/AY3)  (1.07078/A'3) _
method [15] 0.6 0.17 0.024

1/3 1/3
Lim and Wu using improved harmonic balance method [6] (1'07%82/A ) (1'0632187/A ) _

1/3 1/3
Beléndez using homotopy perturbation method [9] (1'076082/A ) (1'0639()1;A )

(1.076847/AY3)  (1.070452/A3) (1.070895/A3) (1.070378/A"3)
Adopted method 0.5975 0.00 0.04 0.00
TaBLE 2: Comparison of the approximate frequencies with exact frequency Qycg. of %+ x~ (3 = 0.
Qs (A) = Qe (A) = (1.154700/A23)
: Qicro Qicpy Qicry Qicrs
Amplitude A Error (%) Error (%) Error (%) Error (%)
. . . (1.08148/A%3) (1.07634/A%3) (0.988591/A%3)
Mickens iteration method [25] 63 6.78 14.38 —
2/3 203
Mickens HB method [25] (1'31“;’;97/14‘ ) (1'188223/A ) — —
(1.194298/A%3) (1.146861/A%3) (1.158141/A3) (1.156090/ A*3)

Adopted method 343 0.67 0.29 0.12

TaBLE 3: Comparison of the approximate frequency-amplitude relations with exact and existing results of X + x> = 0.

A Qcro Qcgy Qcra Qcrs Q%}]‘:BM Qe

Er (%) Er (%) Er (%) Er (%) Er (%) 7]
01 2.3(1).95999723336 2.38.60202002896 2.3(0):70133906328 2.38:70(;8725081 2.261935523874 2.306216768
05 1.38'65793793749 1.33'%60%621 62 1.33'90231986000 1.332)138795785 1.3217.45132002 1.348683748
1 1.03.65894753052 1.03.%%5022916 1.0(7).00837956036 1.03?0835725642 1.05;3?5;576 1.070451000
5 0.63.95794723806 0.6(2).6000004;663 0.6(2).60235916520 0.6(2).60233785424 0.61?.15671;353 0.626003542
10 0.43.95892773197 0.43.60806002230 0.4(9).70(;5966161 0.4(9).70034755766 0.48?.0547728141 0.496859340
50 0.23.25390703718 0.23?0506()52625 0.23?0638906206 0.2(9).%6377451 27 0.28?9597628965 0.290565105
100 0.23‘15999793233 0.23?06()2022089 0.23%’731936032 0.2390730785208 0.22?.9597528874 0.230621676
500 0.13?569'7;)3974 0.132806082616 0.13?10932916800 0.1(3;10931785978 0.13?:7547820002 0.134868374
1000 0.18.75698743505 0.18:700;)52291 0.18"7(?38976503 0.18:7(;)38755264 0.10?3567221576 0.107045100

Note. Here, Q%}]SBM represents the approximation frequency obtained by Ganji et al. [21].

|Qcrs — Qcre| =11.070378 - 1.070451| <ce.

(49)

(2) For inverse cube-root TNL oscillator % + x~ (/3 = 0,

|Qucs — Quere| =11.156090 — 1.154700] < e. (50)

(3) For pendulum equation 0+ Q%sinf =0,
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TasLE 4: Comparison of the approximate frequency-amplitude relations with exact results of X + x> = 0.

A QICRO QICRO QICRO QICRO [0
Er (%) Er (%) Er (%) Er (%) ex

o 5.534}3}44 5.(3).263826 5.325961 5.3.616209 535964
1 e i
s 0.430244 0.3?62822 0.3?26908 0-3?15238 0.39490
" 0.235;30 0.327808 0-329951 0-3i9207 0.24877
.
100 003?243 0.?).563823 0.?)?23976 0.?)?13266 005360

TaBLE 5: Comparison of the approximate frequency-amplitude relations with exact and existing results of 6 + K% sin 6 = 0.

A K Qs O ¥ sy
(28] Er (%) Er (%) Er (%)
o1 ) 1.99875 16?090807()5 1(5,909080705 16.909:025
0.5 4 3.937579 30933225 33%3? 35(3)3335
1 1 0.937792 06?82;24 069,33223 069.(3)234
1 Fate o 1senss 030
) 1 07525 e iy gy

Note. Here, Ql['g;?’l represents the approximation frequency obtained by Bayat et al. [13].

»LII\)ON%O\OO

-10

0 2 4 6 8 10 12

—o— Proposed
—o— Exact

FIGURE 2: A comparison between the third-order approximate solutions of % + x'/3 = 0 for A = 10 together with the corresponding exact
solution.
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FIGURE 3: A comparison between the third-order approximate solutions of % + x> = 0 for A = 100 together with the corresponding exact
solution.
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FIGURE 4: A comparison between the third-order approximate solutions of & + x~ (¥ = 0 for A = 1 together with the corresponding exact
solution.
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FIGURE 5: A comparison between the second-order approximate solutions of 8+ K2sin# =0 for A = 1.5 and K = 1 together with the
corresponding exact solution.
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|, — wey| =10.937853 - 0.937792| <&, fora=1,Q =1,

(51)

(i) where ¢ is taken to be of very small positive
quantity.

(ii) Also, the consistency of the adopted method is
acquired because

(4) For cube-root TNL oscillator % + x> = 0,

|Qcrs — Qcre| =11.070378 — 1.070451| = 0. (52)

(5) For inverse cube-root TNL oscillator % + x~ /3 = 0,

|Qucrs — Qucge| =11.156090 — 1.154700] = 0. (53)

(6) For pendulum equation 6 + Q?sin 6 = 0,
|@; — wey| =10.937853 - 0.937792| ~ 0, fora=1,Q =
(54)

7. Conclusion

After reflecting on each point of view about all the methods
compared in Tables 1-3 and 5, we conclude that the adopted
method is significantly better than each comparable stages which
have been shown by other methods. Finally, we summarized:

(i) The proposed method is a powerful technique for
analyzing random oscillations. The technique is also
easy and useful to obtain approximate frequencies
and the corresponding periodic solutions of
strongly nonlinear oscillator.

(ii) The proposed method gives high validity for both
small and large initial amplitudes of oscillations and
better results of the approximate frequencies and
corresponding periodic solutions than those ob-
tained by other existing results.

(iii) The percentage errors for the fourth approximate
frequencies of cube-root truly nonlinear oscillator
and inverse cube-root truly nonlinear oscillator are
0.006 and 0.12, respectively. Also, the percentage
error for the second approximate frequency (for
amplitude =1) of equation of pendulum is 0.0065.

(iv) It is investigated that most of the researchers have
used the procedure to modify the method to im-
prove the solutions in the iteration method, but we
have paid attention to rearranging the leading os-
cillators with their own merit and choosing suitable
harmonic terms from trigonometric expansion. It
has been concluded that these two are also im-
perative matter for obtaining improved solutions.

(v) The proposed method is also convergent for the
considered equations.

Nomenclature

A: Initial oscillation amplitude
x: Dimensionless displacement (m)
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f1> fa f3A1Ap k K: Constant parameters

t: Time (s)

G, H, f: General nonlinear functions

g Gravitational acceleration (m/s?)
I: Length of the pendulum (m)

First, second, and third approximate
analytic solutions of the cube-root
TNL oscillator, respectively

First, second, and third approximate
analytic solutions of the inverse
cube-root TNL oscillator,
respectively

XcRro> Xcr1> X¥CR2*

X1cRro> XICR1> ¥ICR2*

X, X1 First and second approximate
analytic solutions of the pendulum
equation, respectively

Er (%): Percentage error.

Greek Letters

0: Angle from the vertical to the

pendulum (%)

First, second, third, and fourth
approximate frequencies of the
cube-root TNL oscillator,
respectively

Qreros Qier> Qicra> Qucrs: First, second, third, and fourth
approximate frequencies of the
inverse cube-root TNL
oscillator, respectively

First and second approximate
frequencies of the pendulum
equation, respectively

& Very small positive quantity

Q Exact frequency.

Qcro> Qeri> Qera> Qerst

Qq, QO
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